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IRST of all, most of the previous abbreviations and notations can be found in [1] - [3] . Stochastic orderings are tools used in reliability, insurance, finance, and other fields to compare characteristics of interest, such as location, variability or shape, of probability distributions (see [4] for a monograph on this topic). In reliability, an important application of these tools is the characterization of classes of life distributions, where stochastic orderings tell us much about the meaning of the aging notions involved. In general, this type of characterization is based on results that interpret different stochastic orderings in terms of comparisons of residual lives, inactivity times, and related variables in different ages. One purpose of this work is to interpret in these terms a class of shape orderings, known as transform stochastic orderings, providing new relationships among several popular aging notions.
For each t ≥ 0, the residual life of X at time t is given by
(see [5] for definitions, and [6] and [7] for some applications in coherent systems). In reliability, if X models the lifetime of a unit, then X t represents the residual life of the unit at t, given that the unit has survived until t. based on quantile functions (see, for example, [11] ). Another reason is that residual lives at quantiles are often connected to stochastic orders by results of the form
where ≤ (1) and ≤ (2) are some stochastic orders. One of the first results of the form (1) was given by Mu noz-Pérez in [12] , who showed, for continuous random variables
where ≤ disp and ≤ st are the dispersive order and the stochastic order, respectively (see [4] for definitions). Other results of this type, involving different stochastic orders, can be found in [13] and [14] . In reliability, results of the form (1) are useful to characterize different classes of distributions, providing a better understanding of the aging notions involved. For example, the classes IHR and DHR (see [4] for definitions of these aging notions) satisfy
[see [15] and [16] for the characterization given in (2) and [17] for the characterization (3)]. Since ≤ disp and ≤ lir are variability orders, (2) and (3) formalize, in some stochastic sense, that the right tail of a DHR distribution is heavier than the right tail of an IHR distribution. Similarly to the residual life
represents the time after the failure or inactivity time, given that the unit has failed by time t. This random variable is useful in many reliability problems (see, for example, [18] - [24] ). This suggests us to compare the inactivity times of two distributions at any quantile, producing the following type of results:
where ≤ (1) and ≤ (2) are some stochastic orders. We will characterize a family of shape orders widely used in reliability, known in the literature as transform stochastic orders. This family includes the orders ≤ c , ≤ * , ≤ su , ≤ dmrl , and ≤ nbue (see [4] , [25] , and [26] for properties and relationships among these orders). On the other hand, we also provide a new aging notion closely related with the IHR and IHRA classes.
It is well known (see [4, Section 4 .B]) that the convex order and the star order characterize, respectively, IHR (DHR) and IHRA (DHRA) random variables as follows. For any exponential Z
This paper is arranged as follows. Section II provides some results of the form (1). We first interpret the convex transform order by stochastic comparisons among residual lives at quantiles using the star order and the superadditive order. In the same way, we characterize the order ≤ dmrl comparing the residual lives in the order ≤ nbue . We also obtain an alternative characterization for the convex transform order in terms of comparisons of inactivity times at quantiles. This result parallels those obtained in terms of residual lives (with some inequalities reverted). However, when the order ≤ (2) in (4) is taken to be the order ≤ nbue , we obtain a resulting order ≤ (1) which, up to our knowledge, has not been studied before (denoted by ≤ qmit ). In particular, we show that ≤ qmit is weaker than ≤ c and stronger than the order ≤ * . As an application, we introduce in Section IV a new aging notion intermediate between IHR and IHRA and show, with an example, its usefulness. Finally, we include the conclusions in Section V.
II. COMPARING RESIDUAL LIVES AND INACTIVITY TIMES AT QUANTILES
Our first result characterizes the convex transform order of two random variables by stochastic comparisons of their residual lives at any quantile.
Theorem 1:
The next result interprets the order ≤ dmrl by comparisons, in the order ≤ nbue , of their residual lives at any quantile.
Theorem 2: The conditions
To see the usefulness of the above theorems we suppose (as in [14] ) that X models the lifetime of the units produced in a system. The residual life of X at the quantile u, with u ∈ (0, 1) , describes the remaining life of the units beyond the 100u % of the distribution. Now consider two systems A and B, which produce, respectively, units with random lifetimes X and Y, where the units produced by B are more reliable, according to the convex or dmlr orders, than those produced by A. If we test the units until 100u% of them fail, for some u ∈ (0, 1) and we ignore early failures, then the residual lifetime of the rest of units produced by A and B are distributed as X F −1 (u ) and Y G −1 (u ) , respectively, and Theorems 1 and 2 tell us that the "alive" units produced by B are still more reliable, in various stochastic senses, than those produced by A.
The following result interprets the convex transform order by comparisons among inactivity times at any quantile. The result parallels Theorem 1 (with some inequalities reverted). Observe that in this case, X (F −1 (u )) models the time from the failure to
, ∀u ∈ (0, 1) are equivalent. 
III. QUANTILE MEAN INACTIVITY TIME ORDER
The search for conditions to compare the inactivity times at quantiles by the order ≤ nbue , led us to a new criterion to compare life distributions.
or, equivalently, if
Observe that this order is scale invariant. Despite its similarity with the order ≤ mit (see [21] and [27] ), the order ≤ qmit plays a role quite different in reliability theory. For example, whereas the former implies the increasing concave order and it is implied by the reversed hazard rate order (see [4] for definitions), it will be shown that the latter is between ≤ c and ≤ * orders.
where
. As a first corollary of Theorem 4, we provide a geometric characterization of the ≤ qmit order.
Corollary 1:
The characterization (9) helps us to interpret the order ≤ qmit . Since a convex function is always above (or on) any tangent, the convexity of α(x) guarantees that the integral in (9) is nonnegative for all t (see Fig. 1 ). This proves the following result.
Similarly, a concave function is always below (or on) any tangent. Therefore, if α(x) is concave (and not linear), the integral in (9) is negative for all t and X qmit Y. In general, if α(x) is not convex, the order X ≤ qmit Y requires α(x) to be, in average, above (or on) any tangent. This is due to the equivalence
Intuitively, the more concave α(x) looks, the less likely the order X ≤ qmit Y is to hold. To be more specific, we show in the following result that if α(x) satisfies
It will be pointed out in Remark 1 of Section IV that the converses of Corollaries 2 and 3 are not true in general.
The following property of the order ≤ qmit may be useful to prove that certain random variable is IMIT (see [21] for definition).
The following result is similar to Theorem 2 using the order ≤ qmit (rather than the order ≤ dmrl ) and inactivity times (instead of residual lives).
Theorem 6: The conditions
, ∀u ∈ (0, 1) are equivalent.
IV. APPLICATION: AN AGING PROPERTY INTERMEDIATE BETWEEN IHR AND IHRA
Let r(t) be the hazard rate of X and let Z be any exponential random variable. We know from (5) that X ≤ c Z if and only if X is IHR or, equivalently, if r(t 1 ) ≤ r(t 2 ) for t 1 ≤ t 2 . This property is indicative of a unit which is aging in the sense that the probability of instant failure, given survival to the present (that is, the hazard rate) is increasing. On the other side, X is IHRA means X ≤ * Z or, equivalently
which corresponds to a unit which is aging (the hazard rate average is increasing). IHR and IHRA are relevant properties to compare the reliability of two systems. Suppose, for example, that we aim to compare the reliability performance of a unit before and after an engineering change and let X i , i = 1, 2, be the lifetimes of the unit before and after the change, respectively. If, for instance, X 1 is IHR and X 2 is IHRA (but it is not IHR), then the unit becomes more reliable after the change. A problem of natural interest is how to decide about the reliability improvement in the case where X 1 and X 2 are both IHRA but not IHR. One possibility in this situation is to consider an aging property intermediate between IHR and IHRA. 
Inequality (12) [which should be compared with (11)] is indicative of a unit with increasing hazard rate weighted average. The weighted function ω t (x) gives more weight in the average to r(x) as the unit becomes older. Example 1: Now we provide two random variables X 1 and X 2 , such that X 1 is IHRWA (but it is not IHR) and X 2 is IHRA (but it is not IHRWA). To that end, we consider a piecewise function h (a,b) (x), a < b, given by
(the first and third terms are exponential functions, the second is a square root function and the constants simply ensure differentiability). Assume that X 1 and X 2 have, respectively, the distribution functions
, a = 1 and b = 13 10
(it is easy to see that both are distribution functions). Since logF 1 = −h (a,b) and logF 2 = −h (c,d) are not concave (in fact, both are convex when restricted to the central interval, see Fig. 2 ), nor X 1 neither X 2 are IHR. Observe, however, than logF 1 looks closer to being concave than logF 2 , which intuitively suggests that X 2 may be, in some stochastic sense, more reliable than X 1 . However, logF 1 (t)/t and logF 2 (t)/t are both decreasing (see Fig. 3 ), therefore X 1 and X 2 are both IHRA and we cannot still confirm our intuition. Finally, we study the signs of the functions
Fig . 4 shows that s 1 (t) ≥ 0, ∀t and s 2 (t) < 0 for some t, which means that X 1 is IHRWA and X 2 is not. This provides analytical evidence to confirm that X 2 is more reliable than X 1 .
Remark 1:
Observe that the random variable X 1 given in Example 1 is IHRWA but it is not IHR. This means, according to Definition 2 and (5), that X 1 ≤ qmit E but X 1 c E for any exponential random variable E, which shows that the converse of Corollary 2 is not true. Similarly, observe that the random variable X 2 given in Example 1 is IHRA but it is not IHRWA. This means, according to (6) and Definition 2, that X 2 ≤ * E but X 2 qmit E for any exponential random variable E, which shows that the converse of Corollary 3 is not true.
V. CONCLUSION AND FUTURE WORK
There are two main contributions in this work. First, we have interpreted the family of transform stochastic orderings in terms of stochastic comparisons among residual lives and inactivity times at quantiles. Second, we have introduced an order based on the monotonicity of the function
which induces a new aging class, called the IHRWA class, between the aging classes IHR and IHRA. As a future research we propose to study the relationship between the order ≤ qmit and the order ≤ dmttf (see [28] ), which is defined by the monotonicity of the ratio as
and the relationship between the class IHRWA and the aging classes considered by Li and Xu [29] . This study may be useful to compare different maintenance strategies.
APPENDIX

Proof of Theorem 1: Observe that
and denote by F −1 u its corresponding quantile function, given by
In order to show that 1) implies 2), note that if a real function h is convex, then the function g(x) = h(x + a) − b,with a and b constants, is also convex. Therefore, since
is also convex in x for every u ∈ (0, 1) , which implies 2). From [30, Prop. A.11] , 2) → 3) and 3) → 4) hold. Now, we will show that 4) → 1). By assumption, we know that
for all u ∈ (0, 1) and for all x, y ≥ 0. Equivalently, by using (14), we can write
for all u ∈ (0, 1) and for all x, y ≥ 0. By taking u = F (z) , this equation takes the form
for all x, y, z ≥ 0. The substitution x + z = t yields
for all y ≥ 0 and t ≥ z ≥ 0. Therefore, 4) implies that the function
is increasing in x for all y ≥ 0, which means that the function
Using iteratively (13) we see that the corresponding quantile function satisfies
The assumption X ≤ dmrl Y means that
or, equivalently
For every v ∈ [u, 1], there exists a p ∈ [0, 1] such that v = u + (1 − u) p (and conversely), therefore the inequality in (16) is the same as
or, equivalently, by using (15)
This is the same as writing
, p ∈ (0, 1) , u ∈ (0, 1)
which means X F −1 (u ) ≤ nbue Y G −1 (u ) , ∀u ∈ (0, 1) .
Proof of Theorem 3:
The reasoning is as in the proof of Theorem 1 using that (u ) (p) dp
p) dp, u ∈ (0, 1) .
]dp is decreasing in u ∈ (0, 1) .
The change of variable p = F (x) in (18) shows that X ≤ qmit Y is equivalent to 
By differentiation, it is seen that (19) Consequently, R Y (u) ≥ 0, u ∈ (0, 1), that is, Y is IMIT.
Proof of Theorem 6:
The reasoning is as in the proof of Theorem 2 using (17) instead of (13) .
